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Exercise 9.1: Consider the following variant of MA, which we call MA≤2:

1. t := 0. Choose x ∈ {0, 1}n uniformly at random.

2. y := x.

3. Choose b ∈ {1, 2} uniformly. Flip exactly b bits in y chosen uniformly at random.

4. If f(y) ≤ f(x) then x := y else x := y with probability e
f(x)−f(y)

T

5. t := t+ 1. Continue at line 2.

Note that for T = 0 the algorithm is equivalent to RLS≤2.
Suppose that we would like to apply MA≤2 to the minimum spanning tree problem
(modelled by the fitness function from the lecture on 2010-04-12). Assume that the
parameter T has been fixed by an adversary and cannot changed by ourselves. Our
aim is that MA≤2 meets high probability the runtime bound O(m2(log n + logwmax))
that was proven for RLS≤2.

1. What would problematic choices of T look like (qualitatively)?

2. How can we change the fitness function in order to achieve our aim?

End of Exercise 1

Exercise 9.2: Reconsider MA≤2 from the previous exercise but change its selection
such that it is meant to maximize functions. Prove that the expected time to maximize
Needle is 2Ω(n) for every T .

End of Exercise 2

Exercise 9.3: Consider the standard Metropolis algorithm with temperature T for
the maximization of an arbitrary function f : {0, 1}n → ℝ. Prove that the expected
optimization time is at most O(nn ⋅ e(fmax−fmin)/T ), where fmax := max{f(x) ∣ x ∈
{0, 1}n} and fmin := min{f(x) ∣ x ∈ {0, 1}n} are the maximum and minimum value
of f , respectively.

End of Exercise 3



Exercise 9.4: (∗) Let f : {0, 1}n → ℕ be of the kind

f(x1, . . . , xn) = w1x1 + w2x2 + ⋅ ⋅ ⋅+ wnxn

for arbitrary wi ∈ ℕ, 1 ≤ i ≤ n (hence, f is an arbitrary linear function with positive,
integral weights).
Consider the standard Metropolis algorithm for the maximization of f . Show that its
expected optimization time is O(n log n) for T ≤ 1/(2 lnn).

End of Exercise 4

THE FOLLOWING EXERCISE IS MANDATORY.

Exercise 9.5: Prove that the expected optimization time of the standard Metropolis
algorithm with temperature T = Ω(1) for the maximization of OneMax is 2Ω(n). Use
the negative drift theorem choosing b := n and a := cn for a constant c < 1.

End of Exercise 5


