
Exercises for Approximation Algorithms 2

Inge Li Gørtz

Metric k-clustering

Let G = (V,E) be a complete undirected graph with edge costs satisfying the triangle inequality,

and let k be a positive integer. The problem is to partition V into sets V1, . . . , Vk so as to minimize

the costliest edge between two vertices in the same set, i.e., minimize

max
1≤i≤k, u,v,∈Vi

c(u, v).

Give a 2-approximation algorithm for this problem.

Weighted k-center

Show that the following greedy algorithm for weighted k-center is not a 2-approximation algorithm.

Algorithm 1 WeightedkCenter (G, k, r)

1: Set S = V and C = ∅.
2: while S �= ∅ do

3: Select the lightest vertex v ∈ S
4: Set C = C ∪ {v}
5: Remove all vertices from S that are within distance 2r from v.
6: end while

7: Return C

LP rounding for set cover

In the set cover problem we are given a universe U of n elements, a collection of subsets of U ,

S = {S1, . . . , Sk}, and a cost function c : S → Q+. The goal is to compute the minimum cost

subcollection of S that covers all elements of U .

LP relaxation for Set Cover Let xS be the variable indicating wether the set S is picked or not.

minimize
�

S∈S c(S)xS

subject to
�

S:e∈S xS ≥ 1, e ∈ U

. xS ≥ 0, S ∈ S

Rounding algorithm Show that the following LP rounding algorithm for set cover is a f -
approximation algorithm, where f is the maximum number of times any element occurs in a

set.
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Algorithm 2 LP-Rounding-Set-Cover(U,S)
1: Find an optimal solution to the LP-relaxation

2: Pick all sets S for which xS ≥ 1/f in this solution.

Weighted Vertex Cover*

In the weghted vertex cover problem each vertex v has a weight wv and we want to compute cover

of minimum total weight.

Consider the following algorithm: We assign a price pe to each each. We say that a node v is

tight if
�

e incident tov pe = wv. If
�

e incident tov pe ≤ wv for all v we say that the prices are fair.

Algorithm 3 Weighted-Vertex-Cover (G,w)

1: Set pe = 0 for all e ∈ E.

2: while there is an edge (u, v) such that neither u or v is tight do

3: Select such an edge e
4: Increase pe as much as possible without violating fairness

5: end while

6: Output the set S of all tight nodes

1. Show that S is a vertex cover.

2. Show that w(S) ≤ 2
�

e∈E pe.

3. Show that for any vertex cover S∗,
�

e∈E pe ≤ S∗. Hint: Use that the prices are fair.

Mandatory Exercise

Consider the following variant of the k-center problem, where you want to make sure that there

is a number of backup centers in case any of your centers fail. In addition to the graph and k you

get an additional parameter α ≤ k, which specifies the number of centers any vertex should be

close to. That is, we want to find a set of centers so that the maximum distance of a vertex to its

pth closest center is minimized.

Formally, in the backup k-center problem we ar egiven a complete graph G = (V,E) with a

cost function on the edges d : E → Q+ satisfying the triangle inequality, and two positive integers

α and k (α ≤ k). The problem is to find a set of centers C ⊆ V with |C| ≤ k minimizing

r(C) = max
v∈V

dα(v, C),

where

dα(v, C) = min
A⊆C,|A|=α

max
u∈A

d(u, v).

Algorithm for k-center In the lectures we saw the folllowing algorithm for the k-center prob-
lem. It assumes we know the optimal radius r.

Algorithm 4 kCenter (G, k, r)

1: Set S = V and C = ∅.
2: while S �= ∅ do

3: Select any vertex v ∈ S
4: Set C = C ∪ {v}
5: Remove all vertices from S that are within distance 2r from v.
6: end while

7: Return C
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Assignment 1 Assume we know the optimum covering radius r. Let C � be the set of centers

computed by the algorithm kCenter(G, �k/α�, r), and let C∗ be the set of optimal centers.

(a) Show that any center c ∈ C � has at least α centers from C∗ close by, i.e., within distance r.

(b) Show that any center from C∗ only can be close to one center from c�.

Assignment 2: Approximation algorithm Give a 3-approximation algorithm for the backup

k-center problem (you can assume that we know the optimal covering radius r).
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