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Maximum Stable Matching

Show that the Gale-Shapley algorithm is a 2-approximation algorithm for the maximum stable
matching problem.

Maximum Stable Matching Algorithm

• Show that if a matching M is stable wrt. priorities pri’, then it is also stabel wrt. priorities
pri.

• Give an example where the 3/2-algorithm from the paper by Király does not give a 3/2-
approximation if we allow ties in both mens and womens lists.

• Show that the 3/2-approximation algorithm for hospitals and residents (when the residents
have strictly ordered lists) runs in linear time (O(|E|)).

Facility Location

Solve exercise 1.4 in Shmoys and Williamson.

Greedy algorithm for TSP [from Jeff Ericsons notes]

Consider the greedy algorithm for metric TSP: Start at an arbitrary vertex u, and at each step,
travel to the closest unvisited vertex.

Show that the greedy algorithm for metric TSP is an O(log n)-approximation, where n is the
number of vertices.

Hint. Argue that the kthe least expensive edge in the tour output by the greedy algorithm
has weight at most OPT/(/n− k + 1). Try k = 1 and k = 2 first.

Weighted Vertex Cover*

In the weighted vertex cover problem each vertex v has a weight wv and we want to compute cover
of minimum total weight.

Consider the following algorithm: We assign a price pe to each each. We say that a node v is
tight if

∑
e incident tov pe = wv. If

∑
e incident tov pe ≤ wv for all v we say that the prices are fair.

1



Algorithm 1 Weighted-Vertex-Cover (G, w)
1: Set pe = 0 for all e ∈ E.
2: while there is an edge (u, v) such that neither u or v is tight do
3: Select such an edge e
4: Increase pe as much as possible without violating fairness
5: end while
6: Output the set S of all tight nodes

1. Show that S is a vertex cover.

2. Show that w(S) ≤ 2
∑

e∈E pe.

3. Show that for any vertex cover S∗,
∑

e∈E pe ≤ S∗. Hint: Use that the prices are fair.

Mandatory Exercise

You are starting a movie club and have invited m−1 friends. You have a list of n movies that you
can rent. Each of you choose two movies from the list that you would like to see. Each member
of the club is guaranteed that at least one of the movies that he/she picked is shown at one of
the movie club arrangments. A member is satisfied if at least one of the movies he/she picked is
shown. You may assume that no two members picks the same set of movies.

Assignment 1: Minimum number of movies Give an 2-approximation algorithm for finding
the smallest set of movies such all members are satisfied. You do not need to write down the full
analysis if you reduce the problem to a problem seen at the lecture.

Prices Each movie has a price in Danish Crowns. You want to keep the fee for the club as small
as possible. Instead of finding the smallest number of movies you want to minimize the total price
for renting the movies.

Several of the club members have ideas for algorithms to solve this problem:

1. Algorithm Super-naive: As long as there is a member x that is not satisfied (none of his
movies are picked), pick the cheapest of x’s movies.

2. Algorithm Naive: As long as there is a member x that is not satisfied (none of his movies
are picked), pick both of x’s movies.

3. Algorithm Greedy : Repeatedly pick the movie where you get most unsatisfied members
satisfied per Danish Crown. That is, let U be the set of unsatisfied members. Pick the
movie y minimizing

price(y)
#members from U satisfied by y

,

and remove all the members that picked y from U .

Assignment 2a Give examples showing that Algorithm Super-Naive and Algorithm Naive do
not achieve a constant approximation factor.

Assignment 2b Show that Algorithm Greedy achieves an approximation factor of O(log n).
You must write down the full algorithm and analysis.
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