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Stack with MultiPush Consider the stack from the lectures with the following additional
operation: k-Push(k,e) which pushes the element e onto the stack k times. Is the amortized cost
per stack operation still O(1)?

Doubling Arrays Can we show that the amortized cost of an insert is O(1) by using the
following potential function: Φ(Di) = k, where k = # elements in the array.

Queues Show how to implement a queue with two stacks such that both Enqueue and Dequeue
takes amortized time O(1).

Expected vs. Amortized Explain the difference between expected time and amortized time.

Union-Find in Linear Time Show that any sequence of m Make-Set, Find, and Union oper-
ations, where all Union operations comes before all the Find operations, takes O(m) time, if we
use both union-by-rank and path compression.

Binary Heaps Consider a binary heap of size n (the root stores the smallest element).

• Recall the worst case cost of Insert and Extract-Min, and how they work.

• Use the potential method to show that the amortized cost of Insert is O(log n) and the
amortized cost of Extract-Min is O(1).

Incrementing a binary counter Consider the problem of incrementing a binary counter. Show
that the amortized cost of an increment operation is O(1), when the initial counter is zero using
both the potential method and one of the other two methods.

Quick-Find and Potential Functions Use the potential method to show the following lemma.

Lemma 1 Using the Quick-Find data structure any sequence of n Make-Set operations, at most
n Union operations, and m Find operations takes time O(n log n + m).

Remember to show that:

• The potential Φ(Di) of the whole data structure is always non-negative.

• Φ(D0) = 0.

• The amortized cost of each of the three types of operations.

Hint Define a potential of each node. It might be a good idea to use the number of times each
node has been moved and log n in your function.
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Mandatory Exercise: Maintaining depth in a dynamic forest In the dynamic depth
problem we want to be able to answer depth queries on nodes in a dynamic forest. There are 3
operations:

• Create-Tree(u): Creates a new tree with a single node u.

• Return-Depth(u): Return the depth of node u in the tree it is in.

• Merge-tree(u, r): Takes as input a root r of a tree in the forrest and a node u in different
tree. Makes r the child of u, thereby combining the two trees into one.

Give a data structure that efficiently supports all the above operations (in the amortized sense).
Analyze the running time of a sequence of n Create-Tree and m Return-Depth and Merge-
Tree operations in your data structure.
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